In the present work, we re-analyze the density-dependence of phenomenological two-body forces for calculations beyond the mean field approximation. The resummation of two-body correlations has been addressed in the first part of this work.
Introduction
In the first part of our study [1] , we have reminded the necessity to go beyond the meanfield approximation in order to describe some particular features of low-energy nuclearstructure. We have also recalled the formal problem appearing in this context when dealing with density-dependent effective interactions as usually used in microscopic self-consistent calculations. Let us recall the main points.
Variational calculations beyond the mean-field approximation make use of N -body trial wave-functions of the form:
where {| Φ α 0 } constitutes a set of product states. Using such a wave-function, its mean energy:
can be calculated and minimized with respect to variational parameters. The minimization with respect to the f k * β is equivalent to the diagonalization of H in the sub-space spanned by the | Φ α 0 . Within the general framework of such configuration mixing, several particular methods such as the Generator Coordinate Method (GCM) [2, 3] and the projected meanfield method [4, 5] are commonly used in nowadays nuclear structure calculations.
As seen from Eq. 3, every configuration mixing requires the calculation of matrix elements of the form Φ β 0 | H | Φ α 0 for the evaluation of the energy in the correlated state. The evaluation of two, three . . . body operators is feasible between non-orthogonal product states thanks to the Generalized Wick Theorem [6] , whereas for orthogonal states one has to express them with respect to a single vacuum of reference before using the standard Wick Theorem [7] . A problem arises in the calculation of these matrix elements when effective density dependent Hamiltonians H [ρ] are used as for nuclear structure calculations with phenomenological interactions [8, 9] . At the mean-field level, no ambiguity exists since the evaluation of Eq. 3 requires the calculation of a single diagonal matrix element
| Φ α 0 and the density used is naturally taken as the corresponding mean-field density, eventually reduced to its local scalar-isoscalar part:
In Eq. 4, appears the local scalar-isoscalar part of the one-body density operator:
δ( r − r k ) = When going beyond the mean-field approximation through the use of | Ψ k , there is no longer a natural choice for the local density to insert into the non-diagonal matrix
appearing in the energy. Two prescriptions have been used up to now in such calculations without strong theoretical support.
(1) The local scalar-isoscalar part of the mixed density:
It has to be used in each corresponding kernel Φ
This choice has been done in the GCM with/without projection on particle number and angular momentum [10, 11, 12, 13, 14, 15] . Note that the diagonal mixed density equals the mean-field density : ρ
So far, this choice has been motivated by the equivalence existing at the meanfield level for spin saturated systems between a three-body zero-range force and a linearly density-dependent two-body one [8] . Using this argument and the fact that
for a three-body force can be expressed in terms of the mixed density-matrix only, it has been chosen to use the mixed local density in the two-body force [10, 11, 16] . However, to our knowledge neither the equivalence between three-body and linearly density-dependent two-body forces for a general configuration mixing nor the extension to a non-linear density-dependence have been shown explicitly.
(2) The local scalar-isoscalar part of the correlated density:
It does not depend on (β, α) and is to be used in all kernels in Eq. 3. This choice has been done in approximate and exact variation after particle number projection calculations [16, 17, 18] . Similar results as with the mixed density were obtained.
The choice of the correlated density in the evaluation of the correlated energy seems as reasonable as the mean-field density in the calculation of the mean-field energy.
We discuss an a priori stronger argument in favor of the correlated density [16] in the appendix C.
The aim of the present work is to develop theoretical arguments for the kind of densitydependence to be used in the effective interaction for configuration mixing calculations.
Going back to the origins of this density-dependence, two-body correlations generated by the bare nucleon-nucleon interaction as well as the phenomenological renormalization of multi-body forces effects are physical processes which are assumed to be taken care of through density-dependent two-body forces [19] . In Ref.
[1], we have treated the inclusion of two-body correlations in the context of mixed non-orthogonal vacua by summing generalized Brueckner particle-particle (p-p) ladders thanks to an extended GoldstoneBrueckner perturbation theory [20] . Through a local approximation of the corresponding generalized Brueckner matrix, we have found that an average of the bra and the ket local mean-field densities is to be used in the matrix element Φ
appearing in the calculation of the energy 3 [1] . This result differs from the two prescriptions considered up to now.
In the present paper, our purpose is to treat the renormalization of multi-body forces.
It is beyond the scope of this paper to discuss the sub-nucleonic origins of three-body and higher multi-body forces as well as their quantitative relevance [19, 21] . We may simply mention that three-body forces, either phenomenological or derived from microscopic meson-exchange model with nucleonic virtual excitations, have been necessary to reproduce the properties of (a)symmetric nuclear matter, notably the empirical saturation at the correct density/energy per particle, in recent Brueckner-Hartree-Fock calculations [22] .
Three-body forces have also been necessary to reproduce spectroscopic properties of light nuclei up to the mass 10 in ab-initio calculations using Green's function Monte Carlo method [23] .
Here, we simply ask whether it is possible to formally renormalize their hypothetic effects on bound states properties of (heavy) nuclei in calculations beyond the mean-field through the use of an effective density-dependent two-body interaction. It is important to clarify here that we are looking for guidelines to define phenomenological forces and that the phenomenology embodied by the fit of these interactions will allow to smooth out the imperfections of the analytical derivation. The calculations will be done without taking care of static pairing correlations but the results will be extended to the pairing channel as well. Section 2.1 deals with the renormalization of three-body forces within the GCM while section 2.2 is devoted to the same problem for the projected mean-field method. Then, we make some points in section 2.4 concerning configuration mixing of individual excitations and generalize our results to higher multi-body forces in section 2.3.
Conclusions are given in section 4. We supplement our work with appendices providing the details of our calculations as well as remarks concerning the use of the correlated density and the crucial role of rearrangement terms in the equations of motion.
2 Multi-Body Forces Renormalization.
Let us make the hypothesis that the actual Hamiltonian of the N -body nuclear system reads as:
whereV (2) iljk andV (3) ilnjkm are antisymmetrized matrix elements. The two-body interaction V (2) may already be an effective interaction summing two-body correlations as it is the case for an in-medium G matrix [24] . We will not take this point into account explicitly in the following as it does not change the conclusions related to multi-body forces. In what follows, no density terms appear in V (2) and V (3) unless otherwize specified.
We separate the generator coordinate method from the projected mean-field method since the energy minimization is performed with respect to different variational parameters in the two cases.
GCM and the Three-Body Force.
In order to identify the necessary density-dependence to account for the three-body force effects, we calculate and minimize the energy for two different Hamiltonians. First, the three-body force is taken into account but no density-dependence occurs in the two-body one. Then, the three-body force is omitted in the Hamiltonian of the system but a densitydependence is introduced explicitly in the two-body force. In this second case the Hamiltonian is denoted as H (3) ef f .
• In the first case, we obtain using the general Wick theorem [6] :
The minimization of the corresponding energy with respect to the f k * β gives:
for all δf k * β , which can be recast into a set of coupled equations of motion:
, for all β.
• Omitting the three-body force, we proceed to the same calculation using an effective two-body force depending linearly on the mixed density ‡ :
where r and R are respectively the relative and center of mass position vectors of the two interacting nucleons while ρ (β,α) ( r 1 , r 2 ) denotes the contraction of the mixed density matrix on spin and isospin degrees of freedom:
where ρ In these conditions, the effective vertex defined by Eq. 13 depends on the isoscalar part of the scalar and vector components of the mixed density. The non dependence of ρ (β,α) ( r, r ′ ) on the isovector components is due to the fact that we restrict our study to systems where protons and neutrons are not mixed. The interaction defined through Eq. 13 depends on (β, α) and is to be used in the corresponding matrix element Φ
In this case, one gets:
DevelopingV (3)(r,s) ef f in Eq. 15, one obtains the same expression as the one given by Eq. 10 withV
ilnjkm replaced by the matrix element v ilnjkm defining an effective three-body force: ‡ For simplicity, we do not write the dependences of V (3)(β,α) ef f , V (2) and v on the relative momentum p, the spin operators (ˆ σ1,ˆ σ2), and the isospin termˆ τ 1.ˆ τ 2.
Defining an effective two-body force depending linearly on the mixed density, the correlated energy in the state | Ψ k for the Hamiltonian H (3) is thus reproduced term by term for all spin/isospin indices. What is essential in this derivation is the nature necesseraly mixed of the inserted density.
The equivalence is not complete since the effective matrix elements 16 cannot simulate all antisymmetrized matrix elements of an arbitrary three-body force V (3) ( r 1 , r 2 , r 3 ), notably because of their non-antisymmetrized nature in (k, m) and (j, m). However, the liberty in the choice of the two-body term v( r, p,ˆ σ 1 ,ˆ σ 2 ,ˆ τ 1 .ˆ τ 2 ) can be used to make v ilnjkm reproduce V
ilnjkm as better as possible. As the derivation of a three-body force from an underlying field theory treating the internal structure of the nucleons is not fully satisfactory at the present time, the strategy will rather be to choose a simple form for v allowing for extensive microscopic calculations of finite nuclei; the imperfections concerning the hypothetic reproduction of a fundamental three-body force being corrected through a fit on a few nuclear data.
Thus, a Skyrme force [8, 25] depending linearly on the matter density at the mean-field level can be understood as the reduction of V is picked up by the zero-range. Finally, the spin/isospin part of v is traditionnally reduced to (1 + x 3 P σ ) for a Skyrme force, where P σ is the spin exchange operator.
The reduction to the scalar part of the mixed density matrix is a significant limitation as regards the reproduction of the three-body force effect. Indeed, the v ilnjkm non-diagonal in (n sz , m sz ) are not considered in this case. This is a limitation in all cases since the vector part of the local mixed density is non zero even for even-even spin saturated systems [10] .
Concerning v, a momentum dependence simulating finite range effects has been considered in some studies [26] but seems to pose stability problems in the equation of state of symmetric nuclear matter [25] . As regards the previous standard simplifications, the present generalization of three-body forces renormalization to non-diagonal N -body matrix elements allows to understand the way standard Skyrme forces could be extended even for diagonal terms.
Varying the energy 15 with respect to the f k * β , the same equations of motion as in the case of the Hamiltonian H (3) are obtained. The choice of the mixed density in
( r, R) leads to a zero rearrangement term since ρ (β,α) ( r 1 , r 2 ) is independent of the mixing coefficients f k * β :
Thus, the contribution from the three-body force to Eq. 12 is recovered from the simple redefinition of the two-body force. As it is demonstrated in the appendix A, the use of the correlated density would generate superfluous terms, notably through a non-zero rearrangement term.
Projection and the Three-Body Force.
The same question as in the previous section is addressed for projection type configuration mixings. In this case, the Variation After Projection (VAP) is performed with respect to the individual wave-functions defining the mixed product states. As a application, we consider the restoration of angular momentum I with projection M for an axially symmetric Slater-determinant. The projected state reads as:
whereP IM is the angular momentum projector [27] and | Φ 0 IM is written in terms of a fixed product state of reference | Φ through:
• The variation of the mean-energy in the state | Ψ IM is done with respect to the Z IM uu ′ and reads as:
for all δZ IM uu ′ . The equations of motion are:
for all couple (u, u ′ ). These equations are only valid if no rearrangement term appears.
This is the case with H (3)
. Their explicit form in terms of the mixed density is given in the appendix B.1.
• As for the GCM, we redo the calculation using the Hamiltonian H
ef f . In this case, a non-zero rearrangement term appears in the equations of motion. This calculation is performed in the appendix B.2. The comparison between the contribution originating from the three-body force and those coming from the redefinition of the two-body force and from the rearrangement term is also proposed. This calculation shows that the equivalence between the two is once again obtained thanks to the choice of the mixed density in the effective interaction.
Generalization to Multi-Body Forces.
The formal equivalence between a three-body force and a two-body one depending linearly of the mixed density has just been shown in the context of configuration mixing calculations. However, most of nowadays phenomenological interactions depend on the density through a non-linear function ρ σ with 0 < σ ≤ 1 (e.g. 1/6 for the Skyrme force SLy4 [25] ).
Even if such a dependence certainly accounts for several physical effects, let us interpret it as coming from the renormalization of multi-body forces effects. In order to do that, ρ σ is written through its power series around the nuclear saturation density ρ 0 :
The domain of validity of the expansion 22 is ]0, 2ρ 0 [. We rearrange it as a function of the successive integer powers of ρ. Doing so, each coefficient of ρ k is in principle divergent as no expansion exists for ρ σ around 0 when σ ∈ N. Thus, we approximate Eq. 22 by cutting the sum at some order n = K. In this way, we obtain a good approximation of ρ σ on the domain [ǫ(K), ρ 0 ] § and can reorder the finite number of term as a function of ρ k .
This gives the formal expansion 23.
In the following, we use such an expansion to interpret the full density dependence ρ σ as coming from multi-body forces in the nuclear Hamiltonian H (K) ; the linear term of Eq. 23 being related to the three-body force, the squared term to the four-body force etc. . . Starting from such an hypothesis, one can show, using the same technic as in the previous sections for the three-body force, that the two-body force § Naturally, ǫ(K) −→ 0 for K −→ ∞. Finally, let us mention that identical calculations mixing non-orthogonal HFB product states instead of Slater determinants would have led to the same conclusion for the densitydependence induced by hypothetical multi-body forces in the particle-particle channel as soon as only terms up to second order in the pairing tensor are kept in the energy.
Quasi-Particle Type Configuration Mixing.
Two different cases occur when a mixing of individual excitations is included in the trial state in order to treat small amplitude correlations and diabatic effects.
First, each particle-hole state | Φ α i can be calculated self-consistently through the minimization of its energy. In this case, the | Φ α i are fixed, non-orthogonal product wavefunctions and the variation is performed with respect to the f k * i . Thus, the situation is identical to the GCM and the same conclusions regarding the renormalization of the three-body force effects holds.
Second, the particle-hole states can be calculated perturbatively with respect to each ground-state Slater-determinant. In this case the individual excitations | Φ α i referring to a given vacuum are orthogonal and the above calculations do not hold since the generalized Wick theorem cannot be used for non-diagonal N -body matrix elements. For such a configuration mixing, and whatever the variational parameters are, we were not able to obtain any formal equivalence between a particular two-body density-dependent interaction and a three-body one.
3 Skyrme Force Beyond the Mean-Field.
We conclude our work by proposing a generalized Skyrme force to be used in configuration mixing calculations such as the GCM or the projected mean-field method. This interaction includes in-medium effects which not only renormalize the effect of multi-body-forces as discussed in the present paper but also two-body correlations induced by the bare interaction [1] :
In Eq. 25, X is an adjustable parameter expressing our lack of knowledge about the relative weight of these two renormalized effects. According to Ref. [1, 12, 28] , the above density-dependence is mathematically well-defined for symmetry restoration. The two density-dependent terms appearing in v
Skyrme coincide with the standard local mean-field density when going back to the mean-field approximation. As they are taken with the same exponent σ in Eq. 25, v (β,α) Skyrme reduces to the usual Skyrme force for diagonal matrix elements. In other words, the standard Skyrme interaction has simply been extended to the calculation of non-diagonal matrix elements.
However, to consider the same functional for the two density dependent terms is a restrictive choice. In particular, it would be reasonable to have different exponents for the two terms; the predominance of three-body over higher multi-body forces suggesting an exponent close to one for the associated term whereas a smaller exponent would be appropriate to the resummation of two-body correlations. Similarly, the spin dependence (1 + x 3 P σ ) could be different. Such a differentiation would ask for a redefinition of the Skyrme interaction at the mean-field level. What is important to retain is that going beyond this approximation distinguishes the two origins of the density-dependence by making two kinds of density appear and opens a new degree of freedom in the interaction.
Conclusions.
In the present paper, we have re-analyzed the density-dependence in phenomenological two-body forces for calculations beyond the mean field approximation assuming that it renormalizes possibly existing multi-body forces in the nuclear Hamiltonian.
We have shown the formal equivalence in configuration mixing calculations between a three-body force and two-body one depending linearly on the density, as soon as the mixed density is used. This result holds for the equations of motion obtained through the minimization of the energy, whatever the variational parameters are. The role of the rearrangement term has been emphasized. Then, showing that a density dependence of the form ρ σ with σ ∈ N, as used in Skyrme and Gogny phenomenological forces, can be formally reinterpreted as a renormalization of multi-body forces effects, we have generalized the result obtained for a three-body force versus linearly density-dependent two-body one and proved that the mixed density ought to be used in configuration mixing calculations when dealing with such a physical origin for the density-dependence. we mention that the present work does not support the use of the correlated density in the effective Hamiltonian (see appendix B.1 and C).
The formal equivalence has been shown through the definition of effective k-body forces stemming from the density-dependent two-body one. Of course, such an effective two-body force will never allow to reproduce in details all matrix elements of an actual k-body force. This is notably why our calculation should be seen as a guideline to define phenomenological two-body forces on formally grounded arguments. The phenomenology embodied by the fit of the force on experimental data is a way to smooth out the imperfections of the analytical derivation.
Together with the first part of this work [1] , we have found two kinds of densitydependence to be used in configuration mixing calculations beyond the mean-field, depending whether it deals with the renormalization of two-body correlations induced by the strong-repulsive core and the tensor part of the bare nucleon-nucleon interaction or with the renormalization of multi-body forces effects. One common feature of these two prescriptions is their N -body matrix element dependence when expressing the approximate energy in terms of the mixed product states. They both coincide with the standard local mean-field density when going back to the mean-field approximation. This shows how going beyond the mean-field may open degrees of freedom in the effective force which are not fixed at the mean-field level. Results of GCM and projected mean-field calculations testing presently proposed as well as existing prescriptions is the aim of a forthcoming publication.
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A GCM and the Dependence on ρ Ψ .
In order to reproduce the effect of a three-body force, we use the correlated density matrix contracted on the spin and isospin degrees of freedom ρ Ψ k ( r 1 , r 2 ) into the two-body force defined by Eq. 13: ilnjkm . The rearrangement term is essential as it gives a term with a combination of indices which cannot be obtained through the redefinition of the two-body force only.
C Projection and the Dependence on ρ Ψ .
In Ref. [16] , Valor and collaborators gave an argument in favor of the correlated density in opposition to the present results as well as those obtained in Ref. [1, 20] . They argued that once the correlated energy is developed in terms of product functions as given by Eq. 3, the introduction of a dependence of the effective Hamiltonian H ef f on the mixing angles (α, β), as it is the case when using the mixed density for instance, prevents from extracting the mean energy of the original correlated state having good quantum numbers.
It seems to be an argument in favor of ρ Ψ k which does not depend on the mixing angles.
Let us exemplify the situation through the projection of an HFB wave-function on good particle number [24] : 
which clearly shows how the projection picks up the energy associated with the component of | Φ 0 0 having exactly N particles. Then, if one makes H ef f depend on α, the calculated energy will not correspond anymore to some mean value Ψ N | H ef f | Ψ N / Ψ N | Ψ N in the projected state having the good quantum number N . This is correct but not pertinent here. In order to understand why, one has to go back to the origin of H ef f 's effectiveness characterized by some density-dependence.
First, one has to be aware that the rational of any microscopic calculation (variational or perturbative) is always to approximate the actual eigenstates and eigenenergies of the ¶ For simplicity, a single kind of nucleons is considered here. system, the leading quantity being the energy. Thus, coming back to our example, the ultimate goal is not to obtain the mean-value of some effective Hamiltonian in the projected state but to reproduce as closely as possible the eigenenergy:
where H is the actual Hamiltonian of the system and | Θ 0 the unknown ground-state wave-function.
Within the projected mean-field method, this is done through an approximation as given by Eq. 33 where H ef f is effective in order to remove the repulsive core of the bare nucleon-nucleon interaction and/or to renormalize multi-body forces effect. It has been shown here and in Ref. [1, 20] how H ef f should depend on α in these two cases and why the corresponding energy E mix N could not be factorized into
For instance, when renormalizing multi-body forces effects, the argument given in
Ref. [16] omits that if one wants to reproduce the projected energy Ψ 0 | H (3) | Ψ 0 / Ψ 0 | Ψ 0 approximating the eigenenergy Θ 0 | H (3) | Θ 0 / Θ 0 | Θ 0 through Eq. 33, it is necessary to make the two-body effective Hamiltonian H
ef f depend on α. Doing so, the impossibility to factorize the energy 33 does not contradict the fact that | Ψ 0 remains the well-defined approximate state of the system from which other observables can be evaluated.
